Abstract. Let k be an algebraic number field. Let α be a root of a polynomial f ∈ k[x] which is solvable by radicals. Let L be the splitting field of α over k. Let n be a natural number divisible by the discriminant of the maximal abelian subextension of L, as well as the exponent of G(L/k), the Galois group of L over k. We show that an optimal nested radical with roots of unity for α can be effectively constructed from the derived series of the solvable Galois group of L(ζn) over k(ζn).
Introduction
It was shown in [8] that whether a polynomial with rational coefficients is solvable by radicals can be decided in polynomial time. Given that a polynomial is solvable by radicals, it is also of interest to construct a nested radical of minimum possible depth for the polynomial. Partial results for this problem can be found in [2, 6, 7, 11] . More recently, a general solution to the problem has been reported in [5] .
An interesting relaxation for the problem is to allow roots of unity, in addition to elements of the ground field, to be used as primitives in the construction of nested radicals. No restriction is placed on the roots of unity that can be used for the construction. The goal of this paper is to determine a root of unity for constructing a nested radical of minimum depth for a root of a polynomial which is solvable by radicals.
Throughout this paper, k denotes an algebraic number field,k the algebraic closure of k, µ ∞ the set of all roots of unity, and ζ n = e 2πi/n . Let α be a root of a polynomial f ∈ k [x] that is solvable by radicals. Let L be the splitting field of α over k. Let L ∞ be the splitting field of α over k(µ ∞ ). A near-optimal construction of a nested radical with roots of unity for α is given in [7] . It is also shown in [7] that the minimum depth of a nested radical with roots of unity for α is determined by the length of the derived series of the solvable Galois group of L ∞ over k(µ ∞ ). To effectively construct an optimal nested radical for α, it is desirable to have a similar characterization in terms of a specific root of unity. Let n be a natural number divisible by the discriminant of the maximal abelian subextension of L, as well as the exponent of G(L/k), the Galois group of L over k. We show that the minimum depth of a nested radical with roots of unity for α is determined by the length of the derived series of G(L(ζ n )/k(ζ n )), and that an optimal nested radical with roots of unity for α can be effectively constructed from the tower of extensions corresponding to the derived series. A simple nested radical is either an element of k(µ ∞ ) or a nested radical of the form
A where A is a nested radical and n > 1. Let E be a nested radical. Then S(E) denotes the set of simple nested radicals that appear in E. To be precise,
has depth 3 and S(E) consists of
. . , α m form a set of generating roots for K/k, and α i is called a generating root of degree n i if n i is the least positive integer such that α
then it is called a generating root of degree m for the tower at level i.
An element ofk represented by a nested radical E is called a root of E. If E = a ∈ k(µ ∞ ), then it has a unique root a. If E has depth d > 0, then a root of E can be determined after a consistent assignment of roots is made for the simple nested radicals associated with E. To be precise, suppose inductively a root r(A) has been determined for every simple nested radical A ∈ S(E) of depth less than d. Then a root has also been determined for every arithmetic expression in these simple nested radicals. Let B ∈ S(E) be of depth d. Then B = n √ A where n > 1 and A is an arithmetic expression in the simple nested radicals in S(E) of depth less than d. Since a root r(A) ∈k is already determined for A, an r(B) ∈k can be assigned as a root for B if r(B) n = r(A). When a root is assigned for each simple nested radical associated with E, then a root γ is also assigned for E. Let k = k 0 and inductively for i > 0, let k i be the field over k i−1 generated by the roots assigned to the simple nested radicals of depth i in S(E).
is called a root tower determined by E and γ is said to be a root of E determined from the root tower.
Take E = . . , B l ) is a nested radical of depth no greater than d associated with β and has β as a root. Once a nested radical is determined for every generating root at level 1 to d, a nested radical with γ as a root is also determined for γ. We call it a nested radical for γ determined by the root tower T .
Let G be a group and let x, y ∈ G. The commutator of x and y is the element x −1 y −1 xy. The commutator subgroup of G is the subgroup generated by all the commutators of G. We shall use G (1) to denote the commutator subgroup of G and use G (i) to denote the commutator subgroup of
The length of the derived series, denoted l(G), is the smallest positive integer n such that G (n) = {1}. Let G be a group and let H be a normal subgroup of G.
We are ready to state the main theorem. 
Proof of the main theorem
is again a root tower. Since each k i has finitely many conjugates over k, it follows that Once n is computed, we can compute a nested radical corresponding to the derived series of G(L(ζ n )/k(ζ n )) by applying the procedures developed in [7] . The running time is polynomial in n, [L : k] , and the length of the irreducible polynomial for α, hence it is, in the worst case, doubly exponential in the input size.
